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Abstract
We consider the structure of mildly relativistic shocks in dense media, taking into
account the radiation and pair loading, and diffusive radiation energy transfer within
the flow. For increasing shock velocity (increasing post-shock temperature), the first
important effect is the efficient energy redistribution by radiation within the shock that
leads to the appearance of an isothermal jump, whereby the flow reaches the finial state
through a discontinuous isothermal transition. The isothermal jump, on scales much
smaller that the photon diffusion length, consists of a weak shock and a quick relaxation
to the isothermal conditions. Highly radiation-dominated shocks do not form isothermal
jump. Pair production can mildly increase the overall shock compression ratio to ≈ 10
(from 4 for matter-dominated shocks and 7 of the radiation-dominated shocks).
Subject headings: shock waves; relativistic processes; plasmas; radiation: dynamics
1. Introduction
In many astrophysical settings shocks propagate through dense environment with mildly rela-
tivistic velocities, so that the post-shock radiation pressure can exceed the thermal pressure (Budnik
et al. 2010). In addition, astrophysical shocks may heat up the plasma to temperatures where post-
shock pair thermal production may become important. For example, the discovery of GRB170817A
associated with gravitational waves event GW170817 (Abbott et al. 2017) is best explained due
to the emission from the jet propagating with mildly relativistic velocities through a dense wind
generated by the accretion torus (Lazzati et al. 2017; Pozanenko et al. 2017; Gottlieb et al. 2017;
Bromberg et al. 2017). In this paper we address the structure of pair and radiation loaded shock
transitions.
Several non-standard phenomena are expected in these types of shocks. First, a large fraction
of the energy flux can be converted into radiation and pairs, thus modifying the thermodynamic
properties of plasma by both contributing to effective mass density and to pressure. Secondly,
energy redistribution within the shock may have profound influence on the shock properties. Es-
pecially important is photon diffusion - even if the energy density in photons is below the thermal
energy density, the high photon mean free path may modify the shock considerably (Zeldovich &
Raizer 2003).
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One of the key features of the radiation-modified shocks is the appearance of an isothermal
discontinuity (Rayleigh 1910; Landau & Lifshitz 1959; Zeldovich & Raizer 2003). As the incoming
flow is decelerated and compressed by scattering of the incoming radiation, its temperature and
compression ration increase. For sufficiently strong shocks the final temperature is reached before
the final compression ratio. As a result, an isothermal jump forms.
Appearance of the isothermal discontinuity in relativistic shocks have been previously consid-
ered by Chapline & Granik (1984), though they did not take into account pair production. Here
we take pair production fully into account.
We assume that plasma is sufficiently dense so that radiation is trapped within the flow. The
first most important effect is the diffusion of radiation - even if energy density and mass loading
due to radiation (and of pairs) are small comparable to matter energy density, the redistribution of
energy within the shocked flow is important. This leads to the formation of isothermal jump, Landau
& Lifshitz (1959); Zeldovich & Raizer (2003) and §4. (To clarify the notation, the isothermal jump is
different from highly radiatively cooled isothermal shocks; in our case the flow is energy conserving.)
On the other hand, for very strong highly radiation-dominated shocks the pressure created by
photons and pairs may dominate over the ion pressure. This introduces further complications: the
isothermal jump can disappear, Zeldovich & Raizer (2003) and §5.
2. Protons, radiation and pairs
2.1. Protons, radiation and pairs at relativistic temperatures
In what follows we normalize the temperature to the electron temperature
θ ≡ T/(mec2) (1)
and the number n density to the dimensionless n˜
n ≡ n˜/λ3C (2)
where λC = ~/(mec) is the Compton wavelength. Dimensionless number density of 1 corresponds
to
n = 1/λ3C = 1.7× 1031cm−3
ρ = mpn = 2.8× 107g cm−3 (3)
Such densities are expected in the region near the accretion shock during core collapse (Mezzacappa
et al. 2001) and in the tidal tails/wind generated during neutron star mergers (e.g. Metzger et al.
2010). For example, in the case of neutron star merger, a fraction of up to 10−2M is injected with
mildly relativistic velocities vw ∼ 0.1c for a duration ≈ 1 second. The corresponding dimensionless
density evaluates to n˜ ∼ 10−5. (Below we drop the tilde sign over the dimensionless density).
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Consider next three contributions to the total enthalpy of plasma - from thermal motion of
ions wp, radiation wr and pairs w± (defined per unit volume). For plasma ions and radiation, the
enthalpy can be written as
λ3C
c2me
wp =
γθn
γ − 1
λ3C
c2me
wr =
4piθ4
45
(4)
The pair pressure, enthalpy and number density is a fairly complicated function of temperature,
especially in a weakly relativistic regime (e.g. Wandel & Yahil 1979; Svensson 1984, and reference
there in). To simplify the consideration, we adopt the following parametrization
λ3C
c2me
w± =
√
2gEe
−1/θ√θ3(4θ + 1)
pi3/2
gE = 1 + 0.47θ + 0.37
√
θ +
√
2
pi
θ3/2ζ(3), (5)
see Wandel & Yahil (1979); Svensson (1984), ζ is the zeta-function (thus, pairs are assumed to be
relativistic, factor of 4θ above). We expect that these simplifications for the pairs equation of state
introduce only mild corrections.
For plasma with ion number density n (normalized to λ−3C ) the ratios of ion mass density to
that of pairs is (for θ ≤ 1)
mpn
men±
=
pi3/2√
2
e1/θ
θ3/2
µn (6)
where µ = mp/me. So that pairs dominate ions by mass for
n ≤
√
2
pi3/2
e−1/θθ3/2µ−1 = 5× 10−5 (7)
where the last equation assumes θ = 1. (In physical units this corresponds to density of ρ ∼ 1.4×103
g cm−3.
The ratios of ion mass density to that of radiation is
mpn
urad/c2
=
15
pi
µn
θ4
urad =
4
c
σSBT
4 ≡ pi
15
θ4 (8)
Thus the radiation mass-density dominates the ion density at much lower n,
n ≤ pi
15
θ3
µ
(9)
(corresponding density is ρ ∼ 3.2× 103 g cm−3 at θ = 1.
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The ratio of the ion pressure to radiation pressure is
nT
urad/3
=
45
pi
n
θ3
(10)
so that for
n ≤ pi
15
θ3 (11)
the radiation pressure dominates the ion pressure (for ρ < 2× 106 g cm−3).
The pressure contribution of the radiation pr = urad/3 becomes dominate over matter contri-
bution at mush higher densities:
nT
pr
=
45
pi
n
θ3
, (12)
so that pairs dominate ions by mass for
n ≤ pi
45
θ3 (13)
(this evaluates to ρ = 2× 106 g cm−3 for θ = 1).
2.2. Photons and pairs at mildly relativistic shocks
The relations discussed above can be adopted to shock-heated plasma. In this case for matter-
dominated regime
θ ≈ 2 γ − 1
(1 + γ)2
µβ21 =
3
16
µβ21 (14)
If the upstream plasma has density n1, the post-shock ion pressure become smaller than radiation
pressure at
2µn1β
2
1
γ + 1
<
pi
45
θ4 → n < 8pi(γ − 1)
4
45(γ + 1)7
β61µ
3 (15)
In such highly radiation-dominated shock without pairs (still, mass density is dominated by ions)
η = 1/7
θmax =
(
270
7pi
)1/4
n
1/4
1 µ
1/4β
1/2
1 (16)
Also, in the high compressibility limit η → 0
θ =
(
45
pi
)1/4
n
1/4
1 µ
1/4β
1/2
1 (17)
which is very close to (16).
For relativistic temperatures the condition (15) is also approximately the condition for pair
pressure to dominate over ion kinetic pressure, while at θ ≤ 1 the post-shock ion pressure become
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smaller than pair pressure for
n1 ≤ 4β
3
1(γ − 1)5/2µ3/2e
− (γ+1)2
2β21(γ−1)µ
pi3/2(γ + 1)4
(18)
Due to exponential dependence this ratio varies over large values at mild shock velocities.
Rewriting Eq. (15) as a condition on velocity, the post-shock radiation domination requires
β >
(
60
pi
)1/6
n1/6µ−1/2 (19)
The post-shock temperature becomes θ > 1 at
β ≥ 1√
µ
√
1 +
pi
60n
, (20)
(this relation is valid for both matter and radiation-dominated shocks), see Fig. 1
3. Stationary 1D flow with radiation and pair production
Let’s assume that a shock propagates with velocity β1 ≤ 1 through a cold plasma with ion
density ρ1. At each point one-dimensional, stationary non-relativistic flow is described by the
following set of equations (mass, momentum and energy flux conservation)
β1ρ1 = βρ
ρ1β
2
1 = ptot + ρtotβ
2
ρ1β
3
1/2 = (wtot + ρtotβ
2/2)β + Fr (21)
where subscript 1 indicates quantities far upstream.
In (21)
ρtot = ρ+ n±me + urad/c2 (22)
is the total mass density that includes ion density ρ, pair mass density n±me and effective mass
density of radiation urad/c
2 (urad is the energy-density of thermal radiation),
w2 =
4
3
urad +
γ
γ − 1
ρ
mp
T + n±(mec2 + 4T ) (23)
is the plasma enthalpy not including ion rest mass, that includes contribution from radiation, ion
energy density, pair rest mass and pair energy density, γ = 5/3 is the adiabatic index of the ion
component (assumed non-relativistic), the electron component is assumed to be relativistic (factor
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Fig. 1.— Regime of radiation-dominated shocks and relativistic post-shock temperatures on the
β − n diagram, see Eqns. (19) and (20)
of 4 in the expression for the pair contribution). Finally, Fr is the energy flux carried by radiation.
We assume high optical depth limit, so that locally
Fr = − c
3ntotσT
∇urad
urad =
4
c
σSBT
4 (24)
where total density has contributions both from neutralizing electrons and pairs, ntot = ρ/mp+n±.
4. The first effect: formation of isothermal jump in strong shocks
As the velocity of the shock grows, the energy redistribution within the flow by radiation
becomes the first important effect - even if the radiation pressure is much smaller than the matter
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pressure. Let’s neglect radiation energy density and pressure, but keep energy diffusion due to
photons with large mean free path (cf. Zeldovich & Raizer 2003). Everywhere along the stationary
flow we have conservation of matter, momentum and energy flux:
β1ρ1 = βρ
ρ1β
2
1 =
ρ
mp
T + ρβ2
ρ1β
3
1/2 = (
γ
γ − 1
ρ
mp
T + ρβ2/2)β + Fr (25)
Introducing the inverse of the compression ratio η = n1/n, Eq. (25) becomes
θ = µβ21(1− η)η (26)
λC
15β1n21α
2
f
∂xθ =
β21
(
η2 − 1)µ+ 2γθγ−1
ηθ3
(27)
Far downstream temperature becomes constant, ∂xθ = 0, and (26-27) give shock jump conditions
η2 =
γ − 1
γ + 1
θ2 =
2β21(γ − 1)µ
(γ + 1)2
(28)
Importantly, in order to reach this final state a flow should develop a special type of disconti-
nuity - isothermal jump (Landau & Lifshitz 1959; Zeldovich & Raizer 2003). The isothermal jump
in this case forms regardless of a particular form of Fr, as we discus next.
The momentum conservation (26) can also be written for the evolution of compression as a
function of temperature η(θ)
η =
1
2
(
1±
√
1− 4θ
β21µ
)
=
1
2
(
1±
√
1− θ
θmax
)
θmax =
β21µ
4
(29)
Thus, there are two branches for η(θ); they connect at the point
ηcrit =
1
2
θmax =
β21µ
4
(30)
Importantly, the initial point η = 1 is on the upper branch, while the final jump conditions is on
the lower branch. Yet the flow cannot pass continuously from the initial to the final point - using
(26) the equation for the compression ratio becomes
piβ51(γ − 1)µ3
15αf 2n12λ
5
C
∂xη =
γ(η − 1) + η + 1
(1− 2η)(1− η)2η4 (31)
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Equation (31) clearly shows that the final state of η = η2 = 1/4 (for γ = 5/3) cannot be reached
continuously: in order to reach it continuously one must pass through a special point η = 1/2. This
statement is true for any non-zero left hand side.
Note, that
θ2
θmax
= 8
γ − 1
(γ + 1)2
=
3
4
< 1 (32)
Thus, as the state evolves along the upper branch, the terminal temperature is reached before the
the terminal compression. It is required that temperature increase monotonically (e.g. Landau &
Lifshitz 1959, Eq. (95.3)). Thus, since θ2 < θmax, the final state cannot be reached continuously.
There should be an isothermal jump at θ = θ2, Fig. (2).
1
4.1. Structure of the precursor
In fact we can find an exact analytical solution of (31). Let us normalize out, by the precursor
scale
Lp =
15αf
2n1
2λ5C
piβ51(γ − 1)µ3
(34)
The precursor scale Lp is larger than the mean free path λmfp = 1/(σTn1),
Lp
λmfp
=
8
45
pi2β51(γ − 1)µ3 (35)
for β ≥ 10−2. We find
∂xη =
γ(η − 1) + η + 1
(1− 2η)(1− η)2η4 (36)
which has an analytical solution for x(η) with boundary condition x(1) = 0, Fig. 3 (temperature is
related to compression ratio via (29) along the upper branch). Eq. (36) describes the precursor of
the isothermal transition under assumption that energy density and pressure of pairs and radiation
can be neglected, yet radiative flux diffusively redistribues energy within a flow.
Near x ≈ 0 the compression ratio and temperature is η ∝ x1/3 (so that dη/dx diverges). This
is a drawback of the neglect of the upstream temperature; finite shock Mach number leads to the
appearance of an exponential precursor, Appendix A.
1The local Mach number is
M =
√
η
γ(1− η) , (33)
it equals unity at ηM=1 = γ/(1 + γ) = 5/8 (at this point θ = γ/(γ + 1)µβ
2
1 = (15/64)µβ
2
1).
– 9 –
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
T /T ,max
 isothermal 
jump
⌘f = 2/(1 +  ) = 3/4
⌘f = (    1)/(  + 1) = 1/4
✓T,f/✓T,max = 8
(    1)
(1 +  )2
= 3/4
Fig. 2.— Evolution of the initially cold flow within the radiatively-mediated shock in the compres-
sion ratio η – temperature θ plane neglecting momentum flux of pairs and radiation. The flow starts
at η = 1, θ = 0 and reaches the finite temperature θ2 at the moment when the inverse compression
ratio η+ is smaller than the final ηf . At this point the flow experiences an isothermal jump to the
final state. Two highlighted points correspond to the isothermal jump condition. On scales smaller
than the photon mean free path a weak fluid sub-shock results supersonic-subsonic transition than
then smoothly evolves toward the final state.
4.2. Appearance of the iso-thermal jump
The above derivation assumed that the upstream medium is cold, so that the shock is infinitely
strong. If the upstream plasma has temperature θ1 (so that Mach number is M1 =
√
µ
γθ1
β1), the
compression ratio is
η± =
1
2
(
θ1
β21µ
−
√(
θ1
β21µ
+ 1
)
2 − 4T
β21µ
+ 1
)
(37)
– 10 –
-0.0010 -0.0005 0.0000 0.00050.0
0.2
0.4
0.6
0.8
1.0
x
,
/ ma
x
fluid	
sub-shock
precursor
⌘(x)
✓(x)/✓max
isothermal transition 	
overall
Fig. 3.— Compression ratio and temperature evolution within an isothermal transition, analytical
solution of Eq. (36). The precursor extends to a finite distance in front of the isothermal transition
(for cold upstream); distance is normalized to Lp, Eq. (35). In the precursor the flow is heated and
decelerated by the radiation pressure Near the front of the precursor located at x = xp ≈ −0.00097
the compression ratio is η = 1− (6(x− x− p))1/3. The isothermal jump is located at x = 0, where
the final temperature θ2 = (3/4)θmax and compression η = 1/4 are reached. On scales much smaller
than the radiative diffusion length the isothermal jump consist of weak sub-shock and a narrow
relation layer. For γ = 5/3 the subshock heats the plasma to the maximal possible temperature of
θmax = µβ
2
1/4.
Thus, the maximal temperature is
θmax =
(
β21µ+ θ1
)
2
4β21µ
=
β21µ
(
γM21 + 1
)
2
4γ2M41
(38)
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Post-shock temperature and compression ratios are
θ2 = − 2(γ − 1)γθ
2
1
(γ + 1)2β21µ
+
2(γ − 1)β21µ
(γ + 1)2
−
(
γ2 − 6γ + 1) θ1
(γ + 1)2
η2 =
(γ − 1)β21µ+ 2γθ1
(γ + 1)β21µ
(39)
Equating θmax to θ2 we find that isothermal jump forms for
θ1 <
(3− γ)β21µ
3γ − 1 , M1 > Mcrit =
√
3γ − 1
(3− γ)γ =
3√
5
= 1.34 (40)
At this point p2/p1 = (γ + 1)/(3− γ), cf. , Landau & Lifshitz (1959) Eq. (95.7).
Note that the ratio of the final temperature θ2 to maximal temperature θmax never exceeds
unity:
θ2
θmax
=
−8(γ − 3)2(γ − 1)γ + 4 (3γ4 − 28γ3 + 66γ2 − 28γ + 3)m21 + 8(1− 3γ)2(γ − 1)m41
(γ + 1)2
(−γ + (3γ − 1)m21 + 3) 2 ≤ 1
m1 =
M1
Mcrit
(41)
This ratio reaches unity only at m1 = 1. In this case
ηcrit =
1 + γ
3γ − 1 = 2/3 (42)
Overall properties of the isothermal jump for strong shocks are further discussed in Appendix B.
4.3. Internal structure of the isothermal jump
The appearance of the isothermal jump is a mathematically oddity, related to the diffusive
approximation and the assumption of the local thermodynamics equilibrium. This prevent the
formation of the temperature jump. Also, On the scales smaller than the photon mean free path
the radiation becomes decoupled from the plasma. As a result a fluid subshock forms with a typical
thickness much smaller than the photon mean free path.
Let us consider the properties of this fluid subshock. It will occur when the temperature of the
flow reaches the final temperature θ2 , while the local compression ratio is η+. The corresponding
Mach number (upstream of the fluid subshock) is
Ms,1 =
η+√
γθ2
=
√
2
γ(γ − 1) =
3√
5
= 1.34 (43)
(for γ = 5/3, and only for this γ, Ms equals Mcrit, Eq. 40). The sub-shock is weak.
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A subshock with Mach number (43) has (the inverse) compression ratio ηs
ηs = γ − 1 = 2/3 (44)
The corresponding temperature jump is
θs
θ2
= (3− γ) = 4
3
(45)
while the post-shock temperature is
θs,2 =
2(3− γ)(γ − 1)
(γ + 1)2
µβ21 =
1
4
µβ21 (46)
Thus, for γ = 5/3 the subshock reaches the maximal possible temperature.
The total compression ratio from the upstream is
ηs,2 = η+ηsub = 2
γ − 1
γ + 1
= 1/2, (47)
see Fig. 2
The post-fluid shock Mach number is
Ms,2 =
√
2(γ − 1)
(3− γ)γ =
√
3/5 (48)
5. Highly radiation-dominated shocks: no isothermal jump
Above in §4 we considered the simplest most that demonstrates the formation of the isothermal
jump. We neglected the contribution of radiation and pairs to mass and energy density (and
pressure), but allowed for the diffusive energy redistribution within the flow by long range photon
propagation.
Next, let us consider another extreme case of strongly radiation-dominated shocks, when pres-
sure and energy density of matter can be neglected in comparison with radiation, yet when inertia
is dominated by matter. Thus, we are in the regime
piθ4
15µ
 n piθ
3
45
(49)
The flow is then described by the system of conservation laws
β1ρ1 = βρ
ρ1β
2
1 = prad + ρβ
2
ρ1β
3
1/2 = (wrad + ρβ
2/2)β + Fr
wrad =
4
3
urad = 4prad
Fr = −4
3
ac
(ρ/mp)σT
T 3∂xT (50)
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We find
η = 1− 6
7
(
θ
θmax
)4
µλCβ1
α2f
∂xθ =
7pi
135
(
1− (θ/θmax)4)
1− (6/7)(θ/θmax)4
)
θθ4max
θmax =
(
270
7pi
)1/4
µ1/4n
1/4
1 β
1/2
1 (51)
The η− θ dependence in this case is strikingly different from the case where pressure is dominated
by matter (but transfer by radiation), §4. Now, compressibility evolves smoothly with temperature
until a final state
θ2 = θmax
η2 = 1/7 (52)
is reached. The typical scale of the shock is ∆x ∼ µλCβ1/α2f (transition layer becomes thicker with
higher velocity.).
Equation (51) has an analytical solution (after dimensionalizing)
x =
135
196pi
θ−4max ln
(
θ28
θ4max − θ4T
)
(53)
Fig. 4.
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Fig. 4.— Structure of the radiation-dominated shock with no pair formation, scattering-dominated.
For this plot θmax = 1. Solid line is θ, dot-dashed line is η. Coordinate is normalized to µλCβ1/α
2
f .
The flow smoothly reaches the finite state without a discontinuous transitions.
Thus, for highly radiation-dominated shocks there is no isothermal jump. Mildly radiation-
dominated shocks do have isothermal jumps as we demonstrate next, §5.1
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5.1. Mildly radiation dominated shocks without pairs: reappearance of isothermal
jump
Let us keep radiation energy density and matter contribution to pressure. In this case illu-
minating analytical results can be obtained in the limit β21 → 0 (but we keep β21µ terms.) The
momentum and energy conservation give
piηθ4 + 45n1
(
β21(η − 1)ηµ+ θ
)
= 0
λC
β1n1α2f
∂xθ =
8pi(γ − 1)ηθ4 + 45n1
(
β21(γ − 1)
(
η2 − 1)µ+ 2γθ)
3(γ − 1)ηθ3 (54)
Condition ∂xθ = 0 corresponds to far downstream. In this case we can eliminate n1 and find
the relation between the final compression ratio and temperature (for a given β1), Fig. 5
η2 =
1
7
(
4±
√
9 + (56− 42γ) θ2
µβ21(γ − 1)
)
(55)
For θ2 → 0 this gives η2 = 1/7 - compression ratio for strongly radiation-dominated shock (another
root is the trivial η2 = 1).
0 50 100 150 200
0.2
0.4
0.6
0.8
1.0
θ2
η 2
Fig. 5.— Dependence of η2(θ2) for different β1 = 0.01, 0.06...0.51 in case of no pairs. Each curve
corresponds to a given β1; different points on the curve correspond to different n1. Only lower
parts of the curves correspond to shock transitions. For each θ2 < θmax the final state is reached
via vertical isothermal jump between points on the curves.
We can also solve for compression ratio as a function of upstream parameters, Fig. 6. Com-
pression ratio never goes below 1/7.
Finally, let us investigate how the final state can be reached. Here the situation is very similar
to the simplest case considered in §4. As the flow evolves on the η − θ diagram from the initial
point η = 1, θ = 0, the final temperature is reached at smaller compression ratios. As a result,
isothermal shock forms, Fig. 7. According to results in §5, for sufficiently small densities/high
velocities the isothermal jump should disappear. This is indeed seen in Fig. 7, right panel.
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Fig. 6.— Compression ratio as function of shock velocity and upstream density; no pair creation.
For high upstream density or low velocity the shock is matter-dominated with compression ra-
tio approaching 1/4, while for small density/high velocity the shock is radiation-dominated with
compression ratio approaching 1/7. The compression ratio never goes above 7.
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Fig. 7.— Evolution of flow without pair production on η − θ diagram. The flow evolves from the
initial point η = 1, θ = 0, the final temperature is reached at smaller compression ratios, upper
dots. The isothermal jump forms, dashed lines. Different curves correspond to different densities,
n = 10−1, 1... 105. Left panel: β1 = 0.1, right panel β1 = 0.3. For sufficiently small densities the
isothermal jump disappears.
5.2. The general case: radiation mediated shocks with pair production
After getting experience with simple cases we are ready to tackle the full problem: flow with
radiation and pair production We again make non-relativistic approximation, neglecting β21  1,
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but not when it comes with µ 1. The momentum and energy conservation equations give
45pi3/2n1
(
θ − β21(1− η)ηµ
)
+ 45
√
2η
√
gEe
−1/θθ5/2 + pi5/2ηθ4 = 0 (56)
3pi3/2ηθ3λC
β1α2f
∂xθ =
(√
2ηgee
−1/θθ3/2 + pi3/2n1
)
×(
90
√
2ηgee
−1/θ(4θ + 1)θ3/2
pi3/2
+ 8piηθ4 +
45n1
(
β21(γ − 1)
(
η2 − 1)µ+ 2γθ)
γ − 1
)
(57)
In the momentum equation terms are plasma contribution, pairs and radiation consequently.
Setting ∂xθ = 0 in (57) determines the overall shock jump conditions. Since (57) is linear in
n1, we can eliminate n1 and find how the compression ratio far downstream depends on the final
temperature (for fixed β1), Fig. 8
0.001 0.010 0.100 1 10 100
0.1
0.2
0.5
1
θ2
η 2
Fig. 8.— Dependence of η2(θ2) for different β1 = 0.01, 0.06...0.51. Each curve corresponds to a
given β1; different points on the curve correspond to different n1. Only lower parts of the curves
correspond to shock transitions. For each θ2 < θmax the final state is reached via vertical isothermal
jump between points on the curves.
Few points are worth mentioning. At mild post-shock conditions the compression ratio can go
below 1/7 and reach ∼ 1/10. This fairly mild modification is due to the formation of pairs - energy
is spent on creating mass, not pressure. The effect is fairly mild since at smaller temperature there
are few pairs, while at larger temperature pairs behave like radiation, so that their mass is not
important. There is also a limiting case for large n1, where pairs and radiation are not important,
see (29).
The shock jump conditions are plotted in Fig. 9, where the final compression ration η2 and
the final temperature θ2 are plotted as functions of the upstream density and shock velocity
Evolution of quantities within the shock in η − θ plane are pictured in Figs. 10 and 11.
Each panel is for a given velocity β1 with different curves corresponding to different densities. For
sufficiently small n1 the isothermal jump disappears. We know that when the post-shock pressure
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Fig. 9.— Jump conditions η2 and θ2 for pair and radiative loaded shocks as function of upstream
density for different shock velocities (top row, for β1 = 10
−2, 10−1.75, ..., 10−0.25 ) and as function
of shock velocity for different upstream density (bottom row, n1 = 10
−4, 10−3.75, ...104).
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Fig. 10.— Evolution of pair and radiative loaded flows on η − θ plane for β1 = 0.03, 0.1, n1 =
10−4, 10−3...105.
and enthalpy are dominated by radiation, there is no isothermal jump - see §5. Analytically this
can be seen from Eq. (56) where the only possibly negative term is proportional to density n1.
– 18 –
0 10 20 30 40
0.0
0.2
0.4
0.6
0.8
1.0
θ
η
Fig. 11.— Evolution of pair and radiative loaded flows on η−θ plane for β1 = 0.3, n1 = 1, 10...105.
For small densities the isothermal jump disappears.
Numerical solutions give the following conditions for the disappearance of the isothermal jump,
Fig. 12.
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Fig. 12.— Condition for the appearance of the isothermal jump. For a given shock velocity the
isothermal jump appears for densities above the curve.
6. Limitations of the approach
Our treatment has a number of simplifications/limitations. We treat photon propagation in
diffusive approxmation, neglecting the spectral distribution and, eefectively using only the first two
momenta of the photon distribution - photon density and flux. These are important limitations
(see, e.g. Ito et al. 2018, for the kinetic treatment of photons). Yet this simplification allows to
elucidate clearly the underlying effects. We expect that far upfront the diffusive approximation will
be violated (see also Zeldovich & Raizer 2003, for discussion of the applicability of the diffusive
approximation).
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Another important limitation is the establishment of the black-body spectrum. Using the
bremsstrahlung emissivity (e.g. Lang 1999) the time τphot to produce enough photons can be esti-
mated as
τphot ≈ pi
60
1
α3f
λC
c
θ7/2
n2
(58)
(here αf is the fine structure constant and n is a dimensionless number density normalized to λ
3
C).
This time is shorter than the scattering time τscat = 1/(nσT c) for
θ ≤ α2/7f n2/7 ≈ 0.3n2/7 (59)
(If number density of leptons is dominated by pairs, then τphot is always larger than τscat, reaching
a minimum at θ = 1/2, a which point τphot ≈ 500τscat.) The two-photon pair production can also
be important (Budnik et al. 2010; Lundman et al. 2017), yet the long times to reach the blackbody
photon numbers is a limitation of the approach.
Partly offsetting this problem is the fact that the Compton y-parameters on the scale of one
optical depth, y ∼ 4θ is close to unity for θ ≥ 0.1. Also, the precursor is typically much larger
than the mean free path, see Eq. (35). This implies that as the plasma is heated in the precursor,
there is a lack of photons, but their typical energy is close to the equilibrium with the plasma
temperature. As a result the typical photon energy density, and the corresponding effect on the
energy redistribution, will be somewhat smaller.
7. Discussion
In this paper we address the structure of pair- and radiation-loaded shock transitions. The
first most important effect is the energy redistribution within the flow due to diffusive propagation
of radiation. This generically leads to the formation of a special surface within the flow - the
isothermal jump. (The isothermal jump is different from highly radiative isothermal shocks; in
our case the flow is energy conserving.) The isothermal jump forms first for plasma parameters
when energy density of radiation and pair can be neglected, yet energy redistribution within the
flow changes the flow properties qualitatively - even small energy density of radiation increases the
order of the governing differential equation and thus cannot be neglected. The jump itself, on scales
much smaller than the radiation scattering scale, consists of a mild shock and a narrow relation
layer.
For increasing post-shock temperature the role of radiation pressure increases with respect to
plasma pressure. As a result, for sufficiently strong shocks the isothermal jump disappears - highly
radiation-dominated shocks smoothly reach the final state.
Overall, the formation of pairs has only a mild effect on the shock structure in the regime θ ∼ 1.
This is due to the fact that at sub-relativistic temperatures the number of pairs is exponentially
– 20 –
suppressed, while at highly relativistic regime thermodynamically pairs behave similar to photons.
But formation of pairs may be important for the diffusive approximation to apply.
The parameters of radiation-modified shocks in the wind of the NS-NS mergers, see Eq. (3),
are expected to be in a highly radiation-dominated regime (compare with Fig. 10), where the
isothermal jump disappears. On the other hand, the isothermal jump could be important for core-
collapse SNe: the immediate post-shock temperature could be 25% higher than predicted by fluid
jump conditions (but local density 30% lower). This could influence the neutrino flux, and, perhaps,
help drive the explosion (see, e.g. Weaver 1976)
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A. Finite Mach number: resolving the precursor
Equation (31) has a special point upfront of the shock, at η = 1, where the derivative ∂xη
diverges, implying that the very front of the shock is located at finite distance with non-analytical
behavior. Finite upstream Mach number resolves this singularity, as we demonstrate next.
For finite upstream temperature
ρ1v1 = ρv
p1 + ρ1v
2
1 = p+ ρv
2
v1
(
1
2
ρ1v
2
1 + w1
)
= Fr + v
(
ρv2
2
+ w
)
Fr = −4pi
2c3meθ
3
T
45nλ3CσT
∂xθT (A1)
Mass and momentum conservation give
η =
±
√(
θT,1 + β21µ
)
2 − 4β21µθT + θT,1 + β21µ
2β21µ
→ 1
2
±
√
β21µ− 4θT
2β1
√
µ
1
2
(
1−
√
1− θT
θT,max
)
θT = η
(
θT,1 − β21(η − 1)µ
)→ β21(1− η)ηµ (A2)
where the second relations indicate θT,1 → 0 limit.
Thus, there are two branches for η(θ) which connect at
ηcrit =
1
2
+
θT,1
2β21µ
→ 1
2
θT,max =
(
θT,1 + β
2
1µ
)
2
4β21µ
→ β
2
1µ
4
(A3)
This preprint was prepared with the AAS LATEX macros v5.2.
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The equation for the compression ratio becomes
piβ51(γ − 1)µ3
15αf 2n12λ
5
C
∂xη =
β61(η − 1)µ3
(−2γθT,1 + β21γ(η − 1)µ+ β21(η + 1)µ)
η4
(
β21(η − 1)µ− θT,1
)
3
(
θT,1 + β21(1− 2η)µ
) → γ(η − 1) + η + 1
(1− 2η)(1− η)2η4
(A4)
For finite θT,1 the compression ratio far upstream,
η ∝ e
30β1n
2
1zλ
5
Cα
2
f
pi(γ−1)θ3
T,1 , (A5)
is finite for all x (upstream medium corresponds to x < 0). For small upstream temperature the
bulk of the transition is well described by the θT,1 = 0 limit.
B. Properties of the isothermal jump
Let us highlight the properties of the isothermal jump in the simple,analytically treatable
case, when the radiation and pair production effects can be neglected, while energy redistribution
by photon diffusion is important, see §4.
At the iso-thermal jump the sound speed is
cs =
√
γT/mp =
√
2
√
γ − 1√γ
γ + 1
v1 (B1)
At this point, on the upper branch the parameters of the flow are
η+ = 2/(γ + 1)
v+ =
2
γ + 1
v1 =
3
4
v1
M+ =
√
2√
γ − 1√γ =
3√
5
(B2)
While in the post-jump flow
η2 =
γ − 1
γ + 1
v2 =
γ + 1
γ − 1v1 =
1
4
v1
M2 =
√
γ − 1√
2γ
=
1√
5
(B3)
Thus, the compression ratio at the isothermal jump is (γ − 1)/2 = 1/3.
Radiation- and pair-loaded shocks
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Abstract
We consider structure of mildly relativistic shocks in dense media, taking into ac-
count radiation and pair loading, and diffusive radiation transfer. For increasing shock
velocity (increasing post-shock temperature), the first effect is the efficient energy redis-
tribution by radiation within the shock that leads to the appearance of an isothermal
jump, whereby the flow reaches the finial state through a discontinuous isothermal tran-
sition (which is not a shock). For sufficiently high temperatures the highly radiation-
dominated shocks do not form isothermal jump. Pair production can mildly increase
the overall shock compression ratio to ≈ 10 (from 4 for matter-dominated shocks and 7
of the radiation-dominated shocks).
1. Introduction
In many astrophysical settings shocks propagate through dense environment with mildly rela-
tivistic velocities, so that the post-shock radiation pressure can exceed the thermal pressure (Budnik
et al. 2010). In addition, astrophysical shocks may heat up the plasma to temperatures where post-
shock pair thermal production may become important. For example, the discovery of GRB170817A
associated with gravitational waves event GW170817 (Abbott et al. 2017) is best explained due
to the emission from the jet propagating with mildly relativistic velocities through a dense wind
generated by the accretion torus (Lazzati et al. 2017; Pozanenko et al. 2017; Gottlieb et al. 2017;
Bromberg et al. 2017). In this paper we address the structure of pair and radiation loaded shock
transitions.
Several non-standard, so to say, phenomena are expected in these types of shocks. First,
some energy in the downstream medium will be converted into radiation and pairs, thus modifying
the thermodynamic properties of plasma by both contributing to effective mass density and to
pressure. Secondly, energy redistribution within the shock may have profound influence on the
shock properties (Landau & Lifshitz 1959; Zeldovich & Raizer 2003). Especially important is
photon diffusion - even if the energy density in photons is below the thermal energy density, the
high photon mean free path may modify the shock considerably.
We assume that plasma is sufficiently dense so that radiation is trapped within the flow. The
first most important effect is the diffusion of radiation - even if energy density and mass loading
due to radiation (and of pairs) are small comparable to matter energy density, the redistribution of
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energy within the shocked flow is important. This leads to the formation of isothermal jump, Landau
& Lifshitz (1959); Zeldovich & Raizer (2003) and §3. (To clarify the notation, the isothermal jump is
different from highly radiatively cooled isothermal shocks; in our case the flow is energy conserving.)
On the other hand, for very strong highly radiation-dominated shocks the pressure created by
photons and pairs may dominate over the ion pressure. This introduces further complications: the
isothermal jump can disappear, Zeldovich & Raizer (2003) and §4.
2. Protons, radiation and pairs
Consider three contributions to the total enthalpy of plasma - from thermal motion of ions wp,
radiation wr and pairs w± (defined per unit volume). For radiation and plasma ions, the enthalpy
can be written as
λ3C
c2me
wr =
4piθ4
45
λ3C
c2me
wp =
γθn
γ − 1 (1)
with γ = 5/3 for the non-relativistic ion component. To dimensionalize the equations, we scaled
temperature θ = T/(mec
2), and number density n = n/λ3C ; µ = mp/me.
The pair pressure, enthalpy and number density is a fairly complicated function of temperature,
especially in a weakly relativistic regime (e.g. Wandel & Yahil 1979; Svensson 1984, and reference
there in). To simplify the consideration, we adopt the following parametrization
λ3C
c2me
w± =
√
2gEe
−1/θ√θ3(4θ + 1)
pi3/2
gE = 1 + 0.47θ + 0.37
√
θ +
√
2
pi
θ3/2ζ(3), (2)
see Wandel & Yahil (1979); Svensson (1984), ζ is the zeta-function (thus, pairs are assumed to be
relativistic, factor of 4θ above). We expect that these simplifications for the pairs equation of state
introduce only mild corrections.
Thus, for plasma with ion number density n (normalized to λ−3C ) the radiation pressure dom-
inates the ion pressure at
n ≤ pi
15
θ3 (3)
while the radiation mass-density dominates the ion density at much lower n,
n ≤ pi
15
θ3
µ
(4)
For pairs, at sub-relativistic temperatures the pair mass density and pressure are exponentially
suppressed, ∝ e−1/θ, while for θ ≥ 1 the pair contribution becomes comparable to that of radiation.
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For example, for θ = 1 the radiation mass density dominates ion density for n < pi/(15µ) = 10−4
(ρ < 3× 103 g cm−3).
The relations discussed above can be adopted to shock-heated plasma. In this case for matter-
dominated regime
θ ≈ 2 γ − 1
(1 + γ)2
µβ21 =
3
16
µβ21 (5)
If the upstream plasma has density n1, the post-shock ion pressure become smaller than radiation
pressure at
2µn1β
2
1
γ + 1
<
pi
45
θ4 → n < 8pi(γ − 1)
4
45(γ + 1)7
β61µ
3 (6)
In such highly radiation-dominated shock without pairs (still, mass density is dominated by ions)
η = 1/7
θmax =
(
270
7pi
)1/4
n
1/4
1 µ
1/4β
1/2
1 (7)
Also, in the high compressibility limit η → 0
θT =
(
45
pi
)1/4
µ1/4β
1/2
1 (8)
which is very close to (7).
For relativistic temperatures the condition (6) is also approximately the condition for pair
pressure to dominate over ion kinetic pressure, while at θ ≤ 1 the post-shock ion pressure become
smaller than pair pressure for
n1 ≤ 4β
3
1(γ − 1)5/2µ3/2e
− (γ+1)2
2β21(γ−1)µ
pi3/2(γ + 1)4
(9)
Due to exponential dependence this ratio varies over large values at mild shock velocities.
3. Radiation-mediated shocks
3.1. The first effect: formation of isothermal jump in strong shocks
As the velocity of the shock grows, the energy redistribution within the flow by radiation
becomes the first important effect - even if the radiation pressure is much smaller than the matter
pressure. Let’s neglect radiation energy density and pressure, but keep energy diffusion due to
photons with large mean free path (cf. Zeldovich & Raizer 2003). Everywhere along the stationary
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flow we have conservation of matter, momentum and energy flux:
β1ρ1 = βρ
ρ1β
2
1 =
ρ
mp
T + ρβ2
ρ1β
3
1/2 = (
γ
γ − 1
ρ
mp
T + ρβ2/2)β + Fr
Fr = − c
3nσT
∇urad
urad =
4
c
σSBT
4 (10)
where subscript 1 indicates quantities far upstream. In (10) Fr is the diffusive energy flux carried
by radiation in the high optical depth limit.
Introducing the inverse of the compression ratio η = n1/n Eq. (10) becomes
θ = β21(1− η)ηµ (11)
λC
15β1n21α
2
f
∂xθ =
β21
(
η2 − 1)µ+ 2γθγ−1
ηθ3
(12)
Far downstream ∂xθ = 0 and (11-12) give shock jump conditions
η2 =
γ − 1
γ + 1
θ2 =
2β21(γ − 1)µ
(γ + 1)2
(13)
Importantly, in order to reach this final state a flow should develop a special type of disconti-
nuity - isothermal jump (Landau & Lifshitz 1959; Zeldovich & Raizer 2003). The isothermal jump
in this case forms regardless of a particular form of Fr, as we discus next.
The momentum conservation (11) can also be written for the evolution of compression as a
function of temperature η(θ)
η =
1
2
(
1±
√
1− 4θ
β21µ
)
=
1
2
(
1±
√
1− θ
θmax
)
θmax =
β21µ
4
(14)
Thus, there are two branches for η(θ); they connect at the point
ηcrit =
1
2
θmax =
β21µ
4
(15)
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Importantly, the initial point η = 1 is on the upper branch, while the final jump conditions is on
the lower branch. Yet the flow cannot pass continuously from the initial to the final point - using
(11) the equation for the compression ratio becomes
piβ51(γ − 1)µ3
15αf 2n1
2λ5C
∂xη =
γ(η − 1) + η + 1
(1− 2η)(1− η)2η4 (16)
Equation (16) clearly shows that the final state of η = η2 = 1/4 (for γ = 5/3) cannot be reached
continuously: in order to reach it continuously one must pass through a special point η = 1/2. This
statement is true for any non-zero left hand side.
Note, that
θ2
θmax
= 8
γ − 1
(γ + 1)2
=
3
4
< 1 (17)
Thus, as the state evolves along the upper branch, the terminal temperature is reached before the
the terminal compression. It is required that temperature increase monotonically (e.g. Landau &
Lifshitz 1959, Eq. (95.3)). Thus, since θ2 < θmax, the final state cannot be reached continuously.
There should be an isothermal jump at θ = θ2, Fig. (1).
In fact we can find an exact analytical solution of (16). Let us normalize out,
∂xη =
γ(η − 1) + η + 1
(1− 2η)(1− η)2η4 (18)
which has a formal solution for x(η) (with x(1) = 0)
x = −
(
γ2 + 4γ + 11
)
η5
5(γ + 1)3
− 4
(
γ2 − 4γ + 3) η3
3(γ + 1)5
− 2η
7
7(γ + 1)
+
(3γ + 7)η6
6(γ + 1)2
− (γ − 3)η
4
(γ + 1)4
−
2(γ − 3)(γ − 1)2η2
(γ + 1)6
− 4(γ − 3)(γ − 1)
3η
(γ + 1)7
− 4(γ − 3)(γ − 1)
4 log(γ(η − 1) + η + 1)
(γ + 1)8
+
813
573440
− 27 log(2)
65536
,(19)
Fig. 2 (temperature is related to compression ratio via (14) along the upper branch).
Near x ≈ 0 the compression ratio and temperature is η ∝ x1/3 (so that dη/dx diverges). This
is a drawback of the neglect of the upstream temperature; finite shock Mach number leads to the
appearance of an exponential precursor, Appendix A.
3.2. Appearance of the iso-thermal jump
The above derivation assumed that the upstream medium is cold, so that the shock is infinitely
strong. If the upstream plasma has temperature θ1 (so that Mach number is M1 =
√
µ
γθ1
β1), the
compression ratio is
η± =
1
2
(
θ1
β21µ
−
√(
θ1
β21µ
+ 1
)
2 − 4T
β21µ
+ 1
)
(20)
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Fig. 1.— Evolution of the flow in the compression ratio – temperature plane. The flow starts at
η = 1, θ = 0, reaches finite temperature θ2 at smaller compression, experiences an isothermal jump
to the final state. Two highlighted points correspond to the isothermal jump condition.
Thus, the maximal temperature is
θmax =
(
β21µ+ θ1
)
2
4β21µ
=
β21µ
(
γM21 + 1
)
2
4γ2M41
(21)
Post-shock temperature and compression ratios are
θ2 = − 2(γ − 1)γθ
2
1
(γ + 1)2β21µ
+
2(γ − 1)β21µ
(γ + 1)2
−
(
γ2 − 6γ + 1) θ1
(γ + 1)2
η2 =
(γ − 1)β21µ+ 2γθ1
(γ + 1)β21µ
(22)
Equating θmax to θ2 we find that isothermal jump forms for
θ1 <
(3− γ)β21µ
3γ − 1 , M1 > Mcrit =
√
3γ − 1
(3− γ)γ =
3√
5
= 1.34 (23)
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Fig. 2.— Compression ratio and temperature evolution within a simple radiation-mediated shock
(19). The front of the shock transition is located at x = 0. Near the front η = 1− (6x)1/3. At finite
distance there is an isothermal jump where the final temperature θ2 = (3/4)θmax and compression
η = 1/4 are reached.
At this point p2/p1 = (γ + 1)/(3− γ), cf. , Landau & Lifshitz (1959) Eq. (95.7).
Note that the ratio of the final temperature θ2 to maximal temperature θmax never exceeds
unity:
θ2
θmax
=
−8(γ − 3)2(γ − 1)γ + 4 (3γ4 − 28γ3 + 66γ2 − 28γ + 3)m21 + 8(1− 3γ)2(γ − 1)m41
(γ + 1)2
(−γ + (3γ − 1)m21 + 3) 2 ≤ 1
m1 =
M1
Mcrit
(24)
This ratio reaches unity only at m1 = 1. In this case
ηcrit =
1 + γ
3γ − 1 = 2/3 (25)
Properties of the isothermal jump for strong shocks are further discussed in Appendix B.
4. Radiation-dominated shocks without pair production
4.1. Highly radiation-dominated shocks: no isothermal jump
Let us consider strongly radiation-dominated shocks, when pressure and energy density of
matter can be neglected in comparison with radiation, yet when inertia is dominated by matter.
– 8 –
Thus, we are in the regime
piθ4
15µ
 n piθ
3
45
(26)
The flow is then described by the system of conservation laws
β1ρ1 = βρ
ρ1β
2
1 = prad + ρβ
2
ρ1β
3
1/2 = (wrad + ρβ
2/2)β + Fr
wrad =
4
3
urad = 4prad
Fr = −4
3
ac
(ρ/mp)σT
T 3∂xT (27)
can be written as
η = 1− 6
7
(
θ
θmax
)4
µλCβ1
α2f
∂xθ =
7pi
135
(
1− (θ/θmax)4)
1− (6/7)(θ/θmax)4
)
θθ4max
θmax =
(
270
7pi
)1/4
µ1/4n
1/4
1 β
1/2
1 (28)
The η− θ dependence in this case is strikingly different from the case where pressure is dominated
by matter (but transfer by radiation), §3. Now, compressibility evolves smoothly with temperature
until a final state
θ2 = θmax
η2 = 1/7 (29)
is reached. The typical scale of the shock is ∆x ∼ µλCβ1/α2f (transition layer becomes thicker with
higher velocity.).
Equation (28) has an analytical solution (after dimensionalizing)
x =
135
196pi
θ−4max ln
(
θ28
θ4max − θ4T
)
(30)
Fig. 3.
Thus, for highly radiation-dominated shocks there is no isothermal jump. Mildly radiation-
dominated shocks do have isothermal jumps as we demonstrate next, §4.2
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Fig. 3.— Structure of the radiation-dominated shock with no pair formation, scattering-dominated.
For this plot θmax = 1. Solid line is θ, dot-dashed line is η. Coordinate is normalized to µλCβ1/α
2
f .
4.2. Mildly radiation dominated shocks without pairs: reappearance of isothermal
jump
Let us keep radiation energy density and matter contribution to pressure. In this case illu-
minating analytical results can be obtained in the limit β21 → 0 (but we keep β21µ terms.) The
momentum and energy conservation give
piηθ4 + 45n1
(
β21(η − 1)ηµ+ θ
)
= 0
λC
β1n1α2f
∂xθ =
8pi(γ − 1)ηθ4 + 45n1
(
β21(γ − 1)
(
η2 − 1)µ+ 2γθ)
3(γ − 1)ηθ3 (31)
Condition ∂xθ = 0 corresponds to far downstream. In this case we can eliminate n1 and find
the relation between the final compression ratio and temperature (for a given β1), Fig. 6
η2 =
1
7
(
4±
√
9 + (56− 42γ) θ2
µβ21(γ − 1)
)
(32)
For θ2 → 0 this gives η2 = 1/7 - compression ratio for strongly radiation-dominated shock (another
root is the trivial η2 = 1).
We can also solve for compression ratio as a function of upstream parameters, Fig. 5. Com-
pression ratio never goes below 1/7.
Finally, let us investigate how the final state can be reached. Here the situation is very similar
to the simplest case considered in §3. As the flow evolves on the η − θ diagram from the initial
point η = 1, θ = 0, the final temperature is reached at smaller compression ratios. As a result,
isothermal shock forms, Fig. 6.
According to results in §4.1, for sufficiently small densities/high velocities the isothermal jump
should disappear. This is indeed seen in Fig. 6, right panel.
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Fig. 4.— Dependence of η2(θ2) for different β1 = 0.01, 0.06...0.51 in case of no pairs. Each curve
corresponds to a given β1; different points on the curve correspond to different n1. Only lower
parts of the curves correspond to shock transitions. For each θ2 < θmax the final state is reached
via vertical isothermal jump between points on the curves.
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Fig. 5.— Compression ratio as function of shock velocity and upstream density; no pair creation.
For high upstream density or low velocity the shock is matter-dominated with compression ra-
tio approaching 1/4, while for small density/high velocity the shock is radiation-dominated with
compression ratio approaching 1/7. The compression ratio never goes above 7.
5. Stationary 1D flow with radiation and pair production
After getting experience with simple cases we are ready to tackle the full problem: flow with
radiation and pair production Let’s assume that a shock propagates with velocity β1 ≤ 1 through
a cold plasma with ion density ρ1. At each point one-dimensional, stationary non-relativistic flow
is described by the following set of equations (mass, momentum and energy flux conservation)
β1ρ1 = βρ
ρ1β
2
1 = ptot + ρtotβ
2
ρ1β
3
1/2 = (wtot + ρtotβ
2/2)β + Fr (33)
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Fig. 6.— Evolution of flow without pair production on η − θ diagram. The flow evolves from the
initial point η = 1, θ = 0, the final temperature is reached at smaller compression ratios, upper
dots. The isothermal jump forms, dashed lines. Different curves correspond to different densities,
n = 10−1, 1... 105. Left panel: β1 = 0.1, right panel β1 = 0.3. For sufficiently small densities the
isothermal jump disappears.
In (33)
ρtot = ρ+ n±me + urad/c2 (34)
is the total mass density that includes ion density ρ, pair mass density n±me and effective mass
density of radiation urad/c
2 (urad is the energy-density of thermal radiation),
w2 =
4
3
urad +
γ
γ − 1
ρ
mp
T + n±(mec2 + 4T ) (35)
is the plasma enthalpy not including ion rest mass, that includes contribution from radiation, ion
energy density, pair rest mass and pair energy density, γ = 5/3 is the adiabatic index of the ion
component (assumed non-relativistic), the electron component is assumed to be relativistic (factor
of 4 in the expression for the pair contribution). Finally, Fr is the energy flux carried by radiation.
We assume high optical depth limit, so that locally
Fr = − c
3ntotσT
∇urad
urad =
4
c
σSBT
4 (36)
where total density has contributions both from neutralizing electrons and pairs, ntot = ρ/mp+n±.
We also make non-relativistic approximation, neglecting β21  1, but not when it comes with
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µ 1. The momentum and energy conservation equations give
45pi3/2n1
(
θ − β21(1− η)ηµ
)
+ 45
√
2η
√
gEe
−1/θθ5/2 + pi5/2ηθ4 = 0 (37)
3pi3/2ηθ3λC
β1α2f
∂xθ =
(√
2ηgee
−1/θθ3/2 + pi3/2n1
)
×(
90
√
2ηgee
−1/θ(4θ + 1)θ3/2
pi3/2
+ 8piηθ4 +
45n1
(
β21(γ − 1)
(
η2 − 1)µ+ 2γθ)
γ − 1
)
(38)
In the momentum equation terms are plasma contribution, pairs and radiation consequently.
Setting ∂xθ = 0 in (38) determines the overall shock jump conditions. Since (38) is linear in
n1, we can eliminate n1 and find how the compression ratio far downstream depends on the final
temperature (for fixed β1), Fig. 7
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η 2
Fig. 7.— Dependence of η2(θ2) for different β1 = 0.01, 0.06...0.51. Each curve corresponds to a
given β1; different points on the curve correspond to different n1. Only lower parts of the curves
correspond to shock transitions. For each θ2 < θmax the final state is reached via vertical isothermal
jump between points on the curves.
Few points are worth mentioning. At mild post-shock conditions the compression ratio can go
below 1/7 and reach ∼ 1/10. This fairly mild modification is due to the formation of pairs - energy
is spent on creating mass, not pressure. The effect is fairly mild since at smaller temperature there
are few pairs, while at larger temperature pairs behave like radiation, so that their mass is not
important. There is also a limiting case for large n1, where pairs and radiation are not important,
see (14).
The shock jump conditions are plotted in Fig. 8, where the final compression ration η2 and
the final temperature θ2 are plotted as functions of the upstream density and shock velocity
Evolution of quantities within the shock in η − θ plane are pictured in Figs. 9 and 10. Each
panel is for a given velocity β1 with different curves corresponding to different densities. For
sufficiently small n1 the isothermal jump disappears. We know that when the post-shock pressure
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Fig. 8.— Jump conditions η2 and θ2 for pair and radiative loaded shocks as function of upstream
density for different shock velocities (top row, for β1 = 10
−2, 10−1.75, ..., 10−0.25 ) and as function
of shock velocity for different upstream density (bottom row, n1 = 10
−4, 10−3.75, ...104).
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Fig. 9.— Evolution of pair and radiative loaded flows on η − θ plane for β1 = 0.03, 0.1, n1 =
10−4, 10−3...105.
and enthalpy are dominated by radiation, there is no isothermal jump - see §4.1. Analytically this
can be seen from Eq. (37) where the only possibly negative term is proportional to density n1.
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Fig. 10.— Evolution of pair and radiative loaded flows on η − θ plane for β1 = 0.3, 0.1, n1 =
1, 10...105. For small densities the isothermal jump disappears.
Numerical solutions give the following conditions for the disappearance of the isothermal jump,
Fig. 11.
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Fig. 11.— Condition for the appearance of the isothermal jump. For a given shock velocity the
isothermal jump appears for densities above the curve.
6. Discussion
In this paper we address the structure of pair- and radiation-loaded shock transitions. The
first most important effect is the energy redistribution within the flow due to diffusive propagation
of radiation. This generically leads to the formation of a special surface within the flow - the
isothermal jump. (The isothermal jump is different from highly radiative isothermal shocks; in
our case the flow is energy conserving.) The isothermal jump forms first for plasma parameters
when energy density of radiation and pair can be neglected, yet energy redistribution within the
flow changes the flow properties qualitatively - even small energy density of radiation increases the
– 15 –
order of the governing differential equation and thus cannot be neglected.
For increasing post-shock temperature the role of radiation pressure increases with respect to
plasma pressure. As a result, for sufficiently strong shocks the isothermal jump disappears - highly
radiation-dominated shocks smoothly reach the final state.
Overall, formation of pairs has only a mild effect on the shock structure in the regime θ ∼ 1.
This is due to the fact that at sub-relativistic temperatures the number of pairs is exponentially
suppressed, while at highly relativistic regime thermodynamically pairs behave similar to photons.
But formation of pairs may be important for the diffusive approximation to apply.
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A. Finite Mach number: resolving the precursor
Equation (16) has a special point upfront of the shock, at η = 1, where the derivative ∂xη
diverges, implying that the very front of the shock is located at finite distance with non-analytical
behavior. Finite upstream Mach number resolves this singularity, as we demonstrate next.
For finite upstream temperature
ρ1v1 = ρv
p1 + ρ1v
2
1 = p+ ρv
2
v1
(
1
2
ρ1v
2
1 + w1
)
= Fr + v
(
ρv2
2
+ w
)
Fr = −4pi
2c3meθ
3
T
45nλ3CσT
∂xθT (A1)
Mass and momentum conservation give
η =
±
√(
θT,1 + β21µ
)
2 − 4β21µθT + θT,1 + β21µ
2β21µ
→ 1
2
±
√
β21µ− 4θT
2β1
√
µ
1
2
(
1−
√
1− θT
θT,max
)
θT = η
(
θT,1 − β21(η − 1)µ
)→ β21(1− η)ηµ (A2)
where the second relations indicate θT,1 → 0 limit.
Thus, there are two branches for η(θ) which connect at
ηcrit =
1
2
+
θT,1
2β21µ
→ 1
2
θT,max =
(
θT,1 + β
2
1µ
)
2
4β21µ
→ β
2
1µ
4
(A3)
The equation for the compression ratio becomes
piβ51(γ − 1)µ3
15αf 2n1
2λ5C
∂xη =
β61(η − 1)µ3
(−2γθT,1 + β21γ(η − 1)µ+ β21(η + 1)µ)
η4
(
β21(η − 1)µ− θT,1
)
3
(
θT,1 + β21(1− 2η)µ
) → γ(η − 1) + η + 1
(1− 2η)(1− η)2η4
(A4)
For finite θT,1 the compression ratio far upstream,
η ∝ e
30β1n
2
1zλ
5
Cα
2
f
pi(γ−1)θ3
T,1 , (A5)
is finite for all x (upstream medium corresponds to x < 0). For small upstream temperature the
bulk of the transition is well described by the θT,1 = 0 limit.
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B. Properties of the isothermal jump
Next, at the iso-thermal jump the sound speed is
cs =
√
γT/mp =
√
2
√
γ − 1√γ
γ + 1
v1 (B1)
At this point, on the upper branch the parameters of the flow are
η+ = 2/(γ + 1)
v+ =
2
γ + 1
v1 =
3
4
v1
M+ =
√
2√
γ − 1√γ =
3√
5
(B2)
While in the post-jump flow
η2 =
γ − 1
γ + 1
v2 =
γ + 1
γ − 1v1 =
1
4
v1
M2 =
√
γ − 1√
2γ
=
1√
5
(B3)
The compression ratio at the isothermal jump is (γ − 1)/2 = 1/3.
